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ABSTRACT
We consider an 8–dimensional gravitational theory, which possesses a principle
fiber bundle structure, with Lorentz–scalar fields coupled to the metric. One of
them plays the role of a Higgs field and the other one that of a dilaton field. The
effective cosmological constant is interpreted as a Higgs potential. The Yukawa
couplings are introduce by hand. The extra dimensions constitute a SU(2)L ×
U(1)Y × SU(2)R group manifold. Dirac fields are coupled to the potentials
derived from the metric. As result, we obtain an effective four–dimensional
theory which contains all couplings of a Weinberg–Salam–Glashow theory in a
curved space-time. The masses of the gauge bosons and of the first two fermion
families are given by the theory.
1. Introduction
Interest in higher–dimensional theories has never disappeared, it has waned and
waxed but never has gone to zero. Recently, we1,2,3 analyzed the problem of the
explanation for the bare mass of some elementary particles in the context of higher–
dimensional models. In a further work3, the fermionic sector of higher–dimensional
theories was studied, this fermionic sector consisting of the first fundamental families.
The space–time was endowed with the internal symmetry that corresponds to that
of the U(1)× SU(2) group with no scalar fields at all. Unfortunately4, the neutrino
turns out to be massive whereas the gauge fields associated to the weak interaction
are massless and the ratio between the leptonic and hadronic masses is one third, a
result clearly denied by the experiment. It must be mentioned that the radius of the
S1 circle, is the only parameter of the extra dimensions involved in the masses of the
fermionic sector, cf. Ref.13, however.
To pursue of this line of thought, we introduce scalar fields that could play the
role of a Higgs field and thereby could yield the terms that are necessary to solve
some of the aforementioned problems.
To consider non–Abelian symmetries5,6 we could just take the structure of prin-
cipal fiber bundle for the whole space–time. If we want to introduce the electroweak
interactions the structure of the principal fiber bundle is (G,P )
pi→ M4, where M4 is
the four–dimensional Riemannian spacetime manifold and the fiber is assumed to be
the group manifold of a compact non–Abelian group G. For the particular case that
comprises the electroweak interactions, it must be at least four–dimensional. When
this is combined with the four–dimensional spacetime, we are led to a gravity theory
which is at least eight-dimensional. The line element takes the form3,7,8:
ds2 = gµν(x)dx
µdxν − ϕ(x)2
[
dx5 + κL−11 Bµ(x)dx
µ
]2
− Φ(x)†Φ(x)γij(y)
[
dyi + κL−1κiα(y)A
α
µ(x)dx
µ
]2
, (1)
where γij is the metric tensor on the group manifold of G and the functions κ
i
α(y) are
the components of the Killing vectors on G. The fields Aαµ(x) are gauge potentials
of an arbitrary non–Abelian gauge group as well as components of the gravitational
field in 4 + n dimensions.
In the effective 4–dimensional theory, the gauge transformations are a remnant
of the original coordinate invariance group in 4 + n dimensions, which has been
spontaneously broken down through dimensional reduction to the symmetries of the
four–dimensional coordinate transformation group and a local gauge group, ϕ(x) and
Φ(x) are Lorentzian scalar fields, more precisely ϕ can be identified with a dilatonic
field, while Φ has isospin structure. These two type of fields depend only on the
space–time coordinates.
In the present paper we construct an eight–dimensional space–time, where the
new coordinates yi have to be interpreted as a parametrization of the manifold of the
non–Abelian group SU(2)L × U(1)Y . The group manifold of SU(2)L is the sphere
S3 and that of U(1)Y is the circle S
1, therefore the space S1 × S3 has the desired
U(1)Y × SU(2)L × SUR(2) symmetry9 and it is the natural manifold for this group.
In this framework we investigate an eight–dimensional gravity theory with two fields
coupled to the metric (1), which possesses a principle fiber bundle structure, where
ϕ(x) is a singlet with respect to U(1) × SU(2)L, namely, it is a dilaton field with
its usual linear vacuum behavior, in which it tends to a constant value, but Φ(x)
is now endowed with an isospin structure. Dirac fields are coupled to the metric
one, this field contains the first two fermionic families, see below (15. A potential
term related to the field Φ(x) that contains a mass and quartic self–interaction terms
is introduced, it behaves as the effective four–dimensional cosmological constant10,11.
By hand, we introduce Yukawa terms, which consist of two contributions, namely, the
bare one, which compensates the bare contribution of the fifth dimension that leads
to non–physical results and the usual Yukawa coupling which generates through GIM
mechanism the fermionic masses. This means that the group structure of the right–
hand part is U(1). Through the spontaneous symmetry breaking of the U(1)×SU(2)L
symmetry of our Lagrangian and employing Weinberg decomposition we achieve mass
terms for the gauge fields related to the weak interaction as well as those for the
electron, muon, s, c, u, and d quarks. The gauge field related to the electromagnetic
interaction remains massless, the Z, W+ and W− bosons acquire mass and their
masses are in accordance with the usual relations in the four-dimensional Weinberg–
Salam–Glashow theory, namely, the ratio between the mass of the Z boson and that
of the W+ or W− is cos−2 θW , where θW stands for the Weinberg angle. Through the
process of symmetry breaking the fermionic sector acquires mass, but there is a mass
term related to both of our neutrinos that does not come from symmetry breaking.
Again2,3 it is the influence of the fifth dimension, which produce the bare masses of
the electron, muon, u, s, c and d quarks. We may conclude that for the electron,
muon, u, s, c, and d quarks, the mass term contains two contributions, one coming
from symmetry breaking and the other one emerging from the presence of the radius
of the fifth dimension, as a consequence of the dimensional reduction and must be
cancelled by the Yukawa couplings, as well as for the neutrinos.
As a consequence of dimensional reduction, in the four-dimensional effective the-
ory Pauli terms arise in the usual2,3 manner, they may be understood as an anomalous
weak momentum and an anomalous electromagnetic momentum, in this theory the
neutrino has no electric charge, but it generates an electromagnetic field and this fact
may be seen in the polarization currents that emerge in the Yang–Mills equations.
This paper is easily extended to include the third fundamental family.
This work is organized as follows: In section II we construct the scalar curvature.
In section III we build the eight–dimensional Dirac–Lagrangian density. In section IV
we calculate the Yukawa couplings and afterwards carry out the breaking of symmetry.
Section V contains Weinberg decomposition of the field equations by means of the
mixing angle and the ensuing results are then discussed.
2. Scalar curvature
The local principal fiber bundle line element for the product space-time M4 ×G,
is given by (1) where µ, ν . . . = 0, 1, 2, 3 ; i, j, . . . = 5, 6, 7, 8 ;α, β, . . . = group indices.
We identify gµν with the metric of the four–dimensional space–time, γij(y) is the
Killing metric on S1×S3, κiα(y) are the Killing vectors and Aαµ(x) the corresponding
gauge fields, ϕ(x) is a dilaton field, while Φ(x) is an isospin quadruplet. We adopt
the eight–dimensional analogue of the Einstein–Dirac–Higgs action
I8 =
∫
d4x
∫
d4y
√
gˆ
[
1
16πGV
(
Rˆ + V (Φ) + Yu
)
+ LD
]
, (2)
to be the basic action. Here Rˆ is the eight–dimensional scalar curvature, V (Φ) =
−µ2
2
Φ†Φ+ λ
4!
(Φ†Φ)2 is a Higgs potential term10,11, and LD is a straightforward gener-
alization in eight dimensions of the well known four–dimensional Dirac–Lagrangian
density, which will be seen in the next section, whereas Yu = h(L¯ΦR+R¯Φ
†L) denotes
the Yukawa term and V is the volume of the internal space.
We are going to employ the horizontal lift basis (HLB)7,4
θˆν = dxν ; θˆi = dyi +
κ
L
Kiα(y)A
α
ν (x)dx
ν , (3)
as basis one–forms. The basis dual to (3) is.
eˆµ(x, y) = ∂µ − κ
L
AαµK
i
α∂i; eˆi(y) = ∂i . (4)
On dimensional grounds we introduce the length scales L−1 and L−11 of S
3 and S1
respectively. The metric in this basis is simply
gµˆνˆ =
(
gµν(x) 0
0 −gij(y)
)
. (5)
The eight-dimensional curvature scalar is given by
Rˆ = R+
Rs3
Φ†Φ
+2(∂ν lnϕ)(∂
ν lnϕ)+
3
Φ†Φ
(DνΦ
†)(DνΦ)−κ
2
4
(ϕ2F µνFµν+Φ
†ΦF αµνFαµν) ,
(6)
where R is the scalar curvature ofM4 and Rs3 is the scalar curvature of S
1×S3, which
is defined by Rs3 = −γijRkikj so that Rs3 > 0 for the sphere. Moreover, g55 = ϕ2L21
and gij = Φ
2γij
3. Eight-dimensional Dirac-Lagrangian density
As basis12,13 for the tangent bundle of S1, we use the vector ∂5 and for the tangent
bundle of S3 the three Killing vectors which can be written in terms of the Euler angles
(θ, ρ, ψ) as follows:
K5 = L1∂5; K6 = L[cosψ∂θ − sinψ(cot θ∂ψ − csc θ∂ρ)] , (7)
K7 = L[sinψ∂θ + cosψ(cot θ∂ψ − csc θ∂ρ)]; K8 = L∂ρ . (8)
(Note that y6 = θ, y7 = ρ, y8 = ψ). Thus the Killing metric γij = KiαKj
α for S1×S3
may be easily evaluated. We can now calculate the achtbein necessary to introduce
spinors, in the HLB. The achtbein like the metric is simply block diagonal
eAˆµˆ =
(
eAµ 0
0 e
(k)
j
)
=


eAµ 0 0 0 0
0 ϕL1 0 0 0
0 0 Φ˜L 0 0
0 0 0 Φ˜L −Φ˜L cos θ
0 0 0 Φ˜L cos θ Φ˜L sin θ

 , (9)
(Aˆ, . . . , µˆ, . . . = 0, 1, 2, . . . , 8) and eAˆµˆ satisfy the usual relation gˆµˆνˆ = e
Aˆ
µˆe
Bˆ
νˆηAˆBˆ with
ηAˆBˆ = diag (+1,−1, . . . ,−1) and eAµ, e(k)j are the vierbeins which satisfy the usual
algebra gµν = e
A
µ e
B
ν ηAB; γij = e
(k)
i e
(l)
j δkl respectively. The tilde takes into account the
change of sign in coupling constants usually done in the Weinberg–Salam theory. The
covariant derivative for spinors is defined by
∇ˆµˆψjR,L = (eˆµˆ + Γˆµˆ)ψjR,L . (10)
Here Γˆµˆ =
1
2
e νˆ
Aˆ
eBˆνˆ;µˆ σ
AˆBˆ is the the Clifford–algebra–valued connection, with σAˆBˆ =
1
4
[ΓAˆ,ΓBˆ].
The size of the eight-dimensional spinors is sixteen. Let γA and γk denote the
Dirac matrices onM4 and S1×S3 respectively. Then we may take the Dirac matrices
on M4 × S1 × S3 to be given by the following tensor products:
ΓA = I ⊗ γA A = 0, 1, 2, 3 Γk = γk ⊗ γˆ5 k = 5, 6, 7, 8 , (11)
where γˆ5 is the usual γ5-matrix onM4. The matrices in (11) satisfy
{
ΓAˆ,ΓBˆ
}
= 2ηAˆBˆ.
Here γA are the usual 4–dimensional Dirac matrices and γk are given by
γ5 =
(
i1 0
0 −i1
)
, γl =
(
0 σl
−σl 0
)
l = 6, 7, 8 . (12)
The eight-dimensional Dirac-Lagrangian density is defined by
LD =
2∑
f=1
i
2
(Ψ
fL
ΓAˆ e µˆ
Aˆ
∇ˆµˆΨfL + e µˆAˆ ∇ˆµˆΨ
fL
ΓAˆΨfL)
+
2∑
f=1
i
2
(Ψ
fR
ΓAˆ e µˆ
Aˆ
∇ˆµˆΨfR + e µˆAˆ ∇ˆµˆΨ
fR
ΓAˆΨfR) . (13)
Where ΨfL is the left-hand part and ΨfR is the right-hand part of our two fundamental
families and the covariant derivatives for ΨfR and ΨfL are given by
∇νΨfR = [∂ν − κ
L1
Bν∂5 + Γν ]ΨfR
∇νΨfL = [∂ν − κ
L1
Bν∂5 − κ
L
AανK
i
α∂i + Γν ]ΨfL . (14)
We choose ΨfL(x
µ, yi) = V −1/2eiy
5YL/2eiρτ
3/2eiθτ
1/2eiψτ
3/2ψfL(x
µ), (f = 1, 2) as the
xi dependence for the left part of our Dirac spinor in terms of the Euler angles in S3.
The left–hand part of our Dirac fields is
ψ1a(x
µ) =


νe
e−
u
d

 , ψ2a(xµ) =


νµ
µ−
c
s

 , (15)
whereas the right–hand part is a singlet with respect to SU(2), such that we may
choose the following dependence for the right hand part: ΨfR(x
µ, yi) = V −1/2eiy
5YR/2ψ˜fR(x
µ), f =
1, 2. Here ψ˜fR = eR, µR, uR, cR, dR, sR are the right handed singlets, The left and right
handed fermionic hypercharge matrices are YL and YR respectively. The SU(2) gen-
erators τ i are given by
Yψ =


1 0 0 0
0 1 0 0
0 0 − 1/3 0
0 0 0 − 1/3

 ; τ 1 =


0 1 0 0
1 0 0 0
0 0 0 1
0 0 1 0

 (16)
τ 2 =


1 − i 0 0
i 0 0 0
0 0 0 − i
0 0 i 0

 ; τ 3 =


1 0 0 0
0 − 1 0 0
0 0 1 0
0 0 0 −1

 (17)
where τ i satisfy the usual SU(2) algebra {τ i , τ j} = 2δij1; [τ i , τ j ] = 2iǫijkτk with
YR = −2 for right handed leptons eR, µR, and YR = 43 for right handed quarks uR, cR
and YR = −23 for dR, sR.
The form for the hypercharge matrix, Yψ has been selected by convenience to
obtain the correct values of the electric charge, using Gell–Mann–Nishima expression14
Q = T3 +
Y
2
being Q the electric charge.
4. Yukawa couplings, GIM mechanism and symmetry breaking.
The effective four-dimensional potential is given by V (Φ) = µ
2
2
(Φ†Φ) + λ
4!
(Φ†Φ)2
where the isospin quadruplet is given by Φa = (φ1 , φ2 , φ3 , φ4)
T .
For the hadronic part, we may introduce the well known Cabbibo mixture dc =
d cos θc+s sin θc sc = s cos θc−d sin θc, where θc is the Cabbibo angle. The ground state
for the Higgs field is chosen as Φ0 = (0 , am , 0 , an)T , Φ˜0 = (am , 0 , an , 0)T . Without
loss of generality we may assume m > 0 and n > 0, such that n2+m2 = 1, where a2 =
−6µ2/λ. The covariant derivative of the Φ field is DνΦ = [∂ν− i2g1BνYI− i2g2Aαν τα]Φ.
After symmetry breaking, the Yukawa terms for the leptons and hadrons are given
as follows
LY l = G1am(e¯L eR + e¯R eL) +G2am(µ¯R µL + µ¯L µR)
LY h = G5an(d¯L dR + d¯R dL) +G6an(s¯L sR + s¯R sL)
+ G7an(u¯L uR + u¯R uL) +G8an(c¯L cR + c¯R cL) . (18)
In order to achieve the Weinberg–Salam–Glashow model in the low energy limit we
will add to the Yukawa terms a bare contribution to compensate the direct influence
of the fifth dimension on the fermionic masses, which leads to results excluded by the
experimental data3.
5. Weinberg decompositions
We proceed to carry out the decomposition of the field equations, in order to do
so we employ the Weinberg decomposition22
Zµ = A
3
µcW +BµsW ; Aµ = −A3µsW +BµcW ; W±µ = A1µ ∓ iA2µ (19)
with the abbreviation cW = cos θW and sW = sin θW and θW is the Weinberg angle.
Aµ is now the electromagnetic gauge field and Zµ the neutral boson. Proceeding as
usual in the Weinberg–Salam theory
Zµν = Zν;µ − Zµ;ν ; Aµν = Aν;µ − Aµ;ν ; W±µν = W±ν;µ −W±µ;ν , (20)
the electron charge is for (g1 = κ/L1 and g2 = κ/L) given by eˆ = g1cW = g2sW . The
decomposed field equations are the following:
Dirac equations:
iγµ(∂µ14 + ieˆAµQ+ Γµ14)ψfa +
1
2
g2Bf +
1
2
γµZµSf
+
i
2
ϕeµAe
ν
B
√
16πG(sWZµν + cWAµν)σ
ABψfa + aMfψfR = 0 (21)
where
Q =


0
−1
2/3
−1/3

 , B1 =


γµW+µ eL
γµW−µ νe
γµW+µ dL
γµW−µ uL

 , B2 =


γµW+µ µL
γµW−µ νµ
γµW+µ sL
γµW−µ cL

 . (22)
S1 =


(g2cW + g1sW )νe
−(g2cW − g1sW )e−L
(g2cW − 13g1sW )uL
−(g2cW + 13g1sW )dL

 , S2 =


(g2cW + g1sW )νµ
−(g2cW − g1sW )µL
(g2cW − 13g1sW )cL
−(g2cW + 13g1sW )sL

 . (23)
M1 =


0
mG1eR
nG2uR
nG3dR

 , M2 =


0
mG4µR
nG5cR
nG6sR

 . (24)
and ψ1R(x
µ) = (0 , eR , uR , dR)
T , ψ2R(x
µ) = (0 , µR , cR , sR)
T .
For the right hand singlets:
iγµ(∂µ14 + ieˆAµQ+ Γµ14)ψfR + g1sWγ
µZµRf
+
i
2
Φ1e
µ
Ae
ν
B
√
16πG(sWZµν + cWAµν)σ
ABψfR + aMAψfa = 0 (25)
where
R1(x
µ) = (eR ,−(1/6)uR ,−(1/6)dR)T , R2(xµ) = (µR ,−(1/6)cR ,−(1/6)sR)T .
The Yang-Mills equations in the lower energy limit (where ϕ = ϕ0, see below) are
the following:
for photon:
Aµλ;µ + 2eˆ{i(W [+(µ);µW−]λ) +
i
2
[W+µλW−µ +W
−µλW+µ ]
− eˆ
2
[(
cW
sW
Zµ − Aµ)[(W+λ +W−λ)(W+µ +W−µ ) + i(W+λ −W−λ)(W+µ −W−µ )]
− (cW
sW
Zλ − Aλ)[(W+µ +W−µ)2 − i(W+µ −W−µ)2]]} = eˆ
ϕ2
[e¯Lγ
λeL − 2
3
u¯Lγ
λuL
+
1
3
d¯Lγ
λdL + µ¯Lγ
λµL − 2
3
c¯Lγ
λcL +
1
3
s¯Lγ
λsL + e¯Rγ
λeR − 2
3
u¯Rγ
λuR +
1
3
d¯Rγ
λdR
+ µ¯Rγ
λµR − 2
3
c¯Rγ
λcR +
1
3
s¯Rγ
λsR] +
√
16πG
cW
ϕ
[(ν¯eσ
µλνe + e¯Lσ
µλeL
− u¯LσµλuL − d¯LσµλdL + ν¯µσµλνµ + µ¯LσµλµL − c¯LσµλcL − s¯LσµλsL)];µ , (26)
for the Zµ–boson:
Zµλ;µ − 2g2cW{i(W [+(µ);µW−]λ) +
i
2
[W+µλW−µ +W
−µλW+µ ]
− g2cW
2
[(Zµ − sW
cW
Aµ)[(W+λ +W−λ)(W+µ +W
−
µ ) + i(W
+λ −W−λ)(W+µ −W−µ )]
− (Zλ − sW
cW
Aλ)[(W+µ +W−µ)2 − i(W+µ −W−µ)2]]}+ 3a
2
16πG
[
g21
ϕ2
+ g22]Z
µ
=
1
2I21
[(g1sW + g2cW )(ν¯eγ
λνe + ν¯µγ
λνµ) + (g1sW − g2cW )(e¯LγλeL + µ¯LγλµL)
+ (g2cW − 1
3
g1sW )(u¯Lγ
λuL + c¯Lγ
λcL)− (g2cW + 1
3
g1sW )(d¯Lγ
λdL + s¯Lγ
λsL)]
+ g1sW (e¯Rγ
λeR + µ¯Rγ
λµR)− 1
3
g1sW (u¯Rγ
λuR + c¯Rγ
λcR)− 1
3
g1sW (d¯Rγ
λdR
+ s¯Rγ
λsR)] +
√
16πG
ϕ
sW [(ν¯eσ
µλνe + e¯Lσ
µλeL − u¯LσµλuL − d¯LσµλdL
+ ν¯µσ
µλνµ + µ¯Lσ
µλµL − c¯LσµλcL − s¯Lσµλs)];µ , (27)
for the W+–boson:
W+µλ;µ − ig2{[2W−[λ(cW Zµ] − sW Aµ]];µ −W+µλ(cWZµ − sWAµλ)
+ W−µ (cWZ
µλ − sWAµλ) + ig2[W+µ(WµiW iλ +Wµ3W λ3) + (W µi W iµ +W µ3 W 3µ )W+λ ]}
+
3a2g22
16πG
W+µ = g2[e¯Lγ
µνe + d¯Lγ
µuL + µ¯Lγ
µνµ + s¯Lγ
µcL] , (28)
for the W−–boson:
W−µλ;µ − ig2{[2W+[λ(cW Zµ] − sW Aµ]];µ +W−µλ(cWZµ − sWAµλ)
+ W+µ (cWZ
µλ − sWAµλ) + ig2[W−µ(WµiW λ i +Wµ3W λ3) + (W µi W iµ +W µ3 W 3µ)W−λ ]}
+
3a2g22
16πG
W−µ = g2[ν¯eγ
λeL + u¯Lγ
λdL + ν¯µγ
λµL + c¯Lγ
λsL] . (29)
Eqs. (21) and (25) give the mass terms for the electron, muon, u, d, c, and s
quarks. There are two contributions, a dilatonic term3 proportional to 1/ϕL1, which
is a consequence of the dimensional reduction and is cancelled by the Yukawa bare
contribution and another one that emerges from symmetry breaking i.e., amGj or
anGj .
¿From Eqs.(26)–(29) we find that the photon stays massless, and that the squared
mass for the W and Z bosons are given by
M2W =
3a2g22
16πG
; M2Z =
3a2
16πG
[
g21
ϕ2
+ g22
]
, (30)
respectively. These results entitle us to evaluate a and the Yukawa constants G¯j.
In order to match these theoretical predictions with the experimental results19,23,
M2W/M
2
Z = cos
2 θW has to be satisfied. This leads us to conclude that our dilatonic
field, ϕ in its linear vacuum, must have a ground state in which it is a constant ϕ0 6= 0,
and gµν = ηµν , Fµν = 0, F
α
µν = 0 and T00 = 0 is a minimum. This is in fact the case
according to our field equations; the ground state is degenerate and exists for any
arbitrary constant value of ϕ = ϕ0.
¿From this point of view, we can choose an appropriate value of ϕ0 in order to
obtain the true boson masses; one finds: ϕ = 1.
Beside the usual terms of a Weinberg-Salam-Glashow theory in a curved space-
time, we find that as consequence of the dimensional reduction, there are two anoma-
lous momenta, one related to the electromagnetic gauge field Aν and the other one
associated to the weak gauge field Zν
3. In Gaussian units these momenta have the
value (h¯/2c)
√
16πG cW ≈ 5.9 × 10−32e cm, for the anomalous electromagnetic mo-
mentum and (h¯/2c)
√
16πG sW ≈ 3.2×10−32e cm for the weak anomalous momentum.
The interaction of these momenta with their corresponding gauge fields appear in the
Yang–Mills equations (26)–(29) and they produce additional polarization currents.
This model is readily extended to include the third fundamental family. and all
our previous conclusions stand.
In conclusion, we have shown that the standard model can be obtained from an
eight–dimensional gravity theory taking principal fiber bundle structure with an en-
larged Yukawa coupling and interpreting the effective cosmological constant as Higgs
potential. The correct gauge bosons masses as well as the fermionic ones are given
by the theory. It seems to be that in order to introduce the gravitational intraction
in a unified mathematical consistent theory, the extra dimensions are needed.
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